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TANGENT MEASURES OF TYPICAL MEASURES 



TUOMAS SAHLSTEN 



Abstract. We prove that for a typical Radon measure /i in R'', every non-zero Radon 

measure is a tangent measure of /i at /i almost every point. This was already shown by T. 

O'Neil in his PhD thesis from 1994, but we provide a different self-contained proof for this 
^^ fact. Moreover, we show that this result is sharp: for any non-zero measure we construct 

^.^ a point in its support where the set of tangent measures does not contain all non-zero 

-^^ measures. We also study a concept similar to tangent measures on trees, micromeasures, 

and show an analogous typical property for them. 
Oh 

in 

^ 1. Introduction 

I— —I If X is a complete metric space, then we say that a subset of X is meagre, if it is a 

■<^ countable union of sets whose closure in X has empty interior. A subset of X is residual 

^ if its complement is meagre. A property P of points x G X is satisfied for typical x G X if 

the set 

{x e X : X satisfies P} 

is residual. Recently, typical properties of measures have gained a lot of attention. For ex- 
ample, in the recent papers [3, 6, 13, 14, 15] the L'^-dimensions and multifractal properties 
^ of typical measures were studied. This motivated us to study the tangential properties 

^ of typical measures. Our work is somewhat related to the papers by Buczolich and Rati 

[4, 5] where the structure of the tangent sets of the graphs of typical continuous functions 
were studied. 
■^ In [18] O'Neil constructed a Radon measure fi in M°' with a very surprising property: 

^ for fi almost every x G M'^ the set of tangent measures Tan(;U, x) = A4\ {0}, where A4 is 

O the space of all Radon measures. In his PhD thesis [17] O'Neil also extended this result 

^ by showing that such a property of measures is actually typical: 

>■ Theorem 1.1. A typical fx e M satisfies Tan(/i, x) = M\ {0} at fi almost every x G W^. 

/\ In this paper, we provide a different self-contained proof for Theorem 1.1. O'Neil's 

original proof relied on a special property of the measure /U constructed in [18], but here 
w^e do not require O'Neil's measure in our approach. 

As a direct consequence of Theorem 1.1 we notice that a typical measure /i is non- 
doubling in W^, that is, the pointwise doubling condition fails fi almost everywhere, see 
Section 4 for details. We also study the sharpness of Theorem 1.1, that is, whether the 
property Tan(;U, x) = M \ {0} can be extended to hold at every point x G spt/i for a 
typical fj,. However, such an extension is not possible since for any given fi ^ A4 with 
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2 TUOMAS SAHLSTEN 

non-empty support spt /i we find a point x € spt jj. such that Tan(;[/, x) j^ M \ {0}; see 
Section 5. 

Furthermore, we also take a quick look at a similar concept to tangent measures, the so 
called micromeasures, which provide a symbolic way to define "tangent measures" of a 
measure in a tree. We consider the set of all Borel probability measures V on the tree /^, 
where / is some finite set, and prove an analogous result for micromeasures that we had 
for tangent measures: for a typical /i € P the set of micromeasures micro(;U, x) = P at 
every point x e /^, see Section 6 for details. Finally, in Section 7 we exhibit some questions 
analogous to Theorem 1.1 about the micromeasure distributions of typical measures and 
the tangent measures of measures that are generic in the sense of prevalence instead of 
typicality. 

2. Preliminaries 

Throughout this paper, w^e keep the dimension d G N of the ambient space M'^ fixed. 
A measure is a Radon-measure on M'^, and their collection is denoted by M. We equip ^A 
with the weak topology that is characterized by the convergence: ii iJ,i,n G M we say 
that /[/j — 7- ;[/, as i — )■ oo, if 

/ (f dfii — 7- / (p dfi, as i — )■ oo, 

for every compactly supported and continuous (y9 : R"' — ;• M. In metric spaces, the open- 
and closed balls of center x and radius r are denoted by U{x, r) and B{x, r). When /i G M, 
the support of /i is the set spt ji = {x ^W^ : fJ,{B{x, r)) > for any r > 0}. When x G M'^ 
and r > 0, let T^^r : M'^ ^ M'' be the affine homothety that maps B{x, r) onto B{0, 1), that 
is, Tx^r{y) = [y — x)/r, y G R'^. Given fi G M, we write 

T^,riK^) = KrA + x), AcM^ 

that is, the push-forward of fi under the map T^^r- When c > we also write 

'x,r,c(P') — Clx^r^l-I': 

which induces a map Tx,r,c '■ -M — ^ M. In the case r = 1, we just have T^^mJ- =: fi — x. 
The following notion was introduced by D. Preiss in [20]: 

Definition 2.1 (Tangent measures). A measure u e Ai\ {0} is a tangent measure oi fi G Ai 
at X G M'^ if there exist r j \ and q > such that 

Tx,ri,Ci{fJ') = CiTx^r.ifJ' > V, aS i -^ OO. 

The set of all tangent measures of ^ at x is denoted by Tan(^, x), which is a closed subset 

of7W\{0}. 

Next we introduce some key notations for the proof of Theorem 1.1: 

Notations 2.1 (Cube filtrations and weighted cubes). Fix a G Z. 
(1) Write 

I^:= [-372,372)"^ 

and for notational simplicity let I := Iq- Moreover, if e > is fixed we let the 
£-expansions and e-contractions of the cube la to be the sets 

I+, = [-372 -£,372 + 5)'^ and I-^ = [-372 + e,372-e)'^. 
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(2) Suppose a > 0. Fix k G Z. Let Q^ be the collection of all 3"--adic cubes Q of side- 
length i{Q) = 3"'*'^ such that the unit cube I G Q°, where k is the generation of the 
cubes in Q^. Write Qa = Ufcez 2a- If Q G Qa/ we let a;((5) be the central point of Q. 
Moreover, let Qc be the central cube amongst all the cubes Q' C Q,Q' e Q^^"^, that 
is, Qc G Q^'^'^ is uniquely determined by the requirement x{Qc) = x{Q). Notice 
that the central cube Qc is two generations younger than Q. 

(3) If Q G Q^' 1st Q'' ^ 2a' i = 2, . . . , S'^, be all the neighbouring cubes of Q and write 
Qi = Q. Let 

W = {w = {wi,W2, ■ ■ ■ ,w^d) : tf 1 = 1 and Wj > 0, j = 2, . . . ,3'^}. 

When u £ A4 and w G W are fixed we will denote for all j = 1, . . . , S'^ the Wj- 
weighted duplication of the restriction Ua := lyi-Ia to the neighbouring cube la by: 

which is the same measure as WjT_^^p^^^^^Ua = Tl^^j ^ -^ ,^ . (i^a)- Then write 

Notice that i^'^L.Ia = Va for any w G W. See Figure 3.2 for some intuition of using 
this notation. 

Definition 2.2 (Metric on measures). Fix a G N. Let C{a) be the set of all Lipschitz 
functions 99 : M^ — )■ [0, oo) with Lipschitz-constant Lip 99 < 1 and support spt (^ C la- For 
p,,^ € M we write: 

ifdp — I ipdv 



Fa{p,u) = sup ipdp- 



ipeC{a) 

and 

00 

d{p, u)=Y, 2"" min{l, Fa{p, u)}. 

a=l 

Then {M , d) is a complete separable metric space, and the topology induced by d agrees 
with the weak convergence. Note that here w^e abuse notation: d also refers to the dimen- 
sion of the ambient space M'^. 

Remark 2.1. (1) A similar metric of measures was used in [11, Remark 14.15] with 
the difference that the closed ball B{0, a) is used instead of la in the definition of 
£(a). This changes the value of the metric d, but still all the properties of d and 
Fa given in [11] are satisfied. Especially, we have the followng characterization 
of weak convergence: let ^j, ^u G A^, i G N. Then 

Pi ^ p <^ d{pi,p)^0 <^ Ffe(;Ui,/i) — ^ 0, i — ^ 00 for all 6 G N, 

see the proof of [11, Lemma 14.13]. 
(2) For a fixed a G N we let the open ball with respect to the metric Fa be: 

Ua{u, e) = {peM: Fa{p, u) < e}. 

It follows immediately that this set is also open with respect to the metric d. 
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3. Proof of the main result 
In order to prove Theorem 1.1, it is enough to construct a subset 

TZcifieM: Tan(/i, x) = M\ {0} for /i a.e. x G M"'}, 

which is a countable intersection of open dense sets in ^A. We will now^ fix a number of 
parameters required to define such a set. 

If Q G Qi, we let Cq be the normalized d-dimensional Lebesgue measure supported 
on Q, that is, Cq = C^iQ^^C^LQ. Write 

S = [c'^l{R'^ \ I„) + Yj'iQ^Q ■ "IQ > O''?^ e Q where Q G Q^ Q C I„,n G n}. 
Q 

Then 5 C A^ is countable and dense in {A4, d). We especially need the following proper- 
ties of measures z/ G 5 in our proof: 

(1) spt V = W^; 

(2) u{dla) = for every a(^Z. 

Definition 3.1 (Choices of (3a, £a arid e^). Let u ^ S. Choose any sequence Pa = /3a (i^) \ 
with Pa < 3""i/(I_a)" V4 for any a G N. If a G N, we write: 

e,:=/3,Kl-a)G (0,3^74). 

Fix a G N and w G W. Choose any number e G {0,£a) such that 

ilta,e \ ^~a,e), C(C,. \ ^a,e)} < ^a- (3.1) 

We denote e^ := e to emphasize the dependence on a and w for the choice of e. All this 
is possible because u ^ S and thus v{dl-^a) = = u{dla)- Indeed, this yields 

lim z.(ll^ \ r ) = = lim ^(C,. \ la^e), 

recall the Notation 2.1(3). 

Definition 3.2 (The set 7^). If a G N and /c G N we let 

rl = 3-(^'+i)72. 

This number is half the side-length of a cube in Q^^^. We are now^ planning to construct 
a countable intersection TZ of open and dense sets. For each measure u £ S, parameter 
a G N and generation n G N we associate a set Tlu,a,n C M as follows. This subset 
consists of all measures /U G A^ with the property that for a deep enough generation 
k > n, and for all cubes Q G Q^, Q C la, there exists a normalization constant c > and 
a weight vector w G W such that the blow-up %(^Q)^r'',c{l-^) = (^'^x{Q),r>^^f^ is Sae^-close (in 
the Fa+i-distance) to the w-weighted measure v^ , see also Figure 3.1. In other words 

'^^,a,n:= U n U U 7;7i,,.,,f^a+l(C,£aer). 
k>n QeQ^ OOwGW 

QCIa 

There are only countably many TZ^^a,n, i^ G 5, a G N and n G N, so 

^ := fi n n ^-.«'" 

i^eSaeNnm 



max < ly 
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is a countable intersection. See the outline of the proof in below for more heuristics on 
the choice of the parameters and the set TZ. 
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Figure 3.1. The map T^(Q)^r'' used in the definition of Tlu,a,n maps Q 
onto la and Qc onto I_a (the small black cube on the right-hand side), 
respectively. 



Outline of the proof. Since S is dense in M and Tan(^, x) is always closed inM\ {0}, 
we only need to verify for each u e S and jj. e K that u e Tan(^, x) for fx almost every 
X G M'^. The set 7?. has the property that when u € S and a G N are fixed we can find 
arbitrarily large generations A; G N such that the measure fi £ TZ will look in all cubes 
Q £ Qa like a small translate of u'^ when we blow-up with respect to any point x G Qc, 
recall Notations 2.1(2). Since the relative size of the central cube Qc becomes very small 
compared to their ancestor in Qa"*"^ w^hen a is large (in the factor of 3~"), the translates of 
z/^ tend to look like u since u^ restricted to !„ is Vi-Ia- Here we need to use the measures 
z/^ and the weights w G W in order to make TZu,a,n dense in M.. 

Hence we should try to somehow cover ^ almost every point of W^ with such nice 
cubes. What we will first do is that we fix some numbers a, 6 G N, and then invoke the 
definition of TZ to find infinitely many generations k such that the central cubes Qc of 
the cubes Q G Q^ cover some portion of some large reference cube \ with respect to 
the measure /i. However, verifying this produces some of the trickier parts of the proof. 
To this end we need the following generalization of the Borel-Cantelli Lemma (see for 
example [21]), where the condition on independence is replaced with a more quantitative 
statement: 

Lemma 3.1. Let (il, F^ P) he a probability space and A„ G -F, n G N, such that Yl'^=i ^i^n) = 
oo. Then 

( N (Etin^n))' 

P lim sup An > lim sup — r^ ^j . 

V r.^J' )- N^o^ YZ=xY.txnJ^nr\A{) 

In the proof of Theorem 1.1, the events An are exactly the unions A'^^' ^ ^ N/ of all 
3'^-adic central cubes Qc of certain generation fc„ cubes Q in some large reference cube I;,. 
Moreover, P is the normalization of jjilb such that we have Fa+i{cT^^Q-j^^k^^, u'^) < eae^ 
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for some c = c{Q) > and w = w((5) G W. We need the more general form of Borel- 
Cantelli's lemma here since our events A^^,^, n e N, are not in general P-independent, but 
when n — )• oo, we can say something about their pairwise correlations. 

In order to apply Lemma 3.1 we need to compare the measures /i((5) and ^{Qc) to each 
other using the comparison of v measures of the reference cubes la = T,x{Q),r''{Q) ^^d 
I-a = r^(Q) ,,fe (Qc), which is made possible by the knowledge of Fa+i {cT^(^Q-^^j.k^^, u^). In 
this way we gain the right measures for the sets AJ^ „ and A\.^ ^ ^^aV 

However, when w^e do the /x measure comparison, we end up having some error terms 
coming out from the v"^ measures of the buffer zones 1+^ \ 1~^ and ll„ ^ \ TZa e- However, 
by the choices we made in Definition 3.1, these errors are at most of the size Ea, which 
is independent of generations n. Then we apply Lemma 3.1 to see that the n measure of 
A\ = lim sup„ j4^^ is nearly the same as /x(Ifc), and how near will depend on the numbers 
Pa that arise from the errors £a- Then it turns out that the set A^ = limsup^ A^^ covers ^ 
almost every point of \, since as a — )■ cx) the numbers /3a \ by their choice. This way ^ 
almost every point of the space W^ can be covered by the union of such sets A'^ , 6 G N. 



I^ 
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Figure 3.2. The cube l\ = la and its neighbouring cubes la, j = 
2, . . . , 3^. We have weighted the cubes la with weights Wj, w^here the 
shade of the cube tells us how big the value of the weight Wj is. This 
illustrates the measure u^: on la it equals to WjUa translated to la- We 
choose e = e^ such that the buffer zone 1+^ \ I"^ in the picture has u^ 
measure less than a fixed number Sa > 0. The bigger the weights Wj are, 
the smaller e we have to choose. The small black cube in the picture is 
1-a, arid w^e w^ant to choose e to be small enough that even the u measure 
of the small buffer zone ll^ ^ \ iZa e i^ 1^^^ than £a- 



Lemma 3.2. TZu,a,n is open and dense in Ai. 

Proof. (1) Let us first prove that TZu,a,n is open in M. Fix x G R^, r > and c > 0. We 
w^ill now show that T := 7^,r,c : A^ — )• A^ is continuous. This is enough for our claim 
since the balls Ua+i in the definition of TZy^a^n are also open in {M , d) and the intersection 
in the definition of Tlu,a,n has a finite index set {Q & Qa : Q C la}- Suppose fii,fj,eM 
are chosen such that i^i — ^ /i. We need to verify for any fixed compactly supported 



TANGENT MEASURES OF TYPICAL MEASURES 7 

continuous c/9 : M'^ — )■ R we have 

/ (pdT{fii) — )■ / (pdT{fi), as i — ;■ oo. 

Hence fix a continuous and compactly supported (/9 : M*^ — )• M, which makes ip o Tx,r also 
continuous and compactly supported. Since /ij — ^ fi, we have 



ipdT{iXi) - I fdTip) 



if o Te ,, dfli- ifo Tx,r dfi 



^0, 

as i — > cx). Hence T(/ii) — )■ T(//) as i — > oo, so T is continuous like we claimed. 

(2) Here we prove that Tlu,a,n is dense in M. Let ;U G A^ be a measure with spt /x = R'^. 
For A; G N we write 

w^here 

Fix Q G Q^. Notice that i^'^{Q) = 1 and spt u'^ = Q. Since spt fx = M.'^ each of the numbers 
iy{Ia)/^i{Q^), j = 1, . . . , S'^, is well-defined, where Q^ is the jth neighbouring cube of Q, 
recall Notations 2.1(3). Write 

c«5):=;|;>0. (3.2, 

Moreover, define weights wi = 1 and 

^,=c(Q)-^, J = 2,...,3'^. 

i^(IIa) 

Then 

w = {wi, . . . ,w^d) G W. 

Let (f G C{a + 1). Since sptcp C la+i = U?=i ^a/ ^^ have by the choice (3.2) and the 
definition of weights Wj that 



'/"^'7^(Q),rJ,c(Q)(Mfe) = / ^dt^a- 

Since (p G £(a + 1) is arbitrary, we have especially: 
SO in particular 

Since this is true for every A; G N and Q G Q^, we have fik G T^u,a,n whenever k > n. With 
this in mind, let us finally verify 

fik ^ fJ-, as fc — )■ oo. 

Let (/9 : M'^ — )■ M be a compactly supported continuous function. Then we may fix 6 > a 
such that spt cp C lb- Fix e > 0. Since ip is uniformly continuous, we can choose /cg G N 
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such that for every k > k^ and Q G Q^, we have: \(p{y) — ^{x)\ < e whenever y,x ^ Q. 
On the other hand, y^{Q) = 1 for every Q G Qj^, so we have: 



(f dfik - hp dfi =\ y2 ( / b - f{x{Q))] dfik + / [(f{x{Q)) - (f] dfi 

QCIfc 

< y] / \^ - ^{x{Q))\ dfik + V / \ip{x{Q))-ip\dfi 
:rZu JQ ZTZu JQ 



Qcij Qcif, 

< Y, ^k^k{Q) + Y. ^/^(^) = 2^1^ m(Q) = 2£/u(l6), 

Oesg Qesg Qeeg 

Qcifc Qcif, Qcij, 

since jJ-kiQ) = IJ^{Q)^'^{Q) = ^(Q) for any Q £ Qa- Hence /ifc — ^ /i, as A; — ^ oo. 

Measures /i with spt ^ = W^ are dense in J\4. Hence \i ii' ^ M is any measure, for any 
e > we can choose ji ^ M. with d(/i', ^) < e/2 and spt /i = M'^. Then just choose k > n 
so large that d{fik, lA < e/2, which gives d{iJ,k, mO < £• The measure fik £ T^u,a,n so Tlu,a,n 
is dense. D 

Lemma 3.3. if^u G 7^, then Tan(;U, x) = M\ {0}for fx almost every x G M.'^. 

Proof. Fix fj. £ TZ. Since Tan(^, x) is closed in TW \ {0} and S is dense in Ad, it is enough 
to show that S C Tan(;U, x) for /i almost every x G M"*. 

Fix z/ G 5 and a G N. Since fi € TZ, we can choose for every n G N an index k := kn > n 
such that for each Q G Q^, Q C la, there are numbers c = c{Q) > and weights w = 
w(Q) G W such that 

Write 

Especially this measure satisfies 

F,+i(/.Q,z.-) <£,£-. (3.3) 

Consider the sets 

Aa,n= M Qc, ^a = limsup^a,„, and A = l[msnpAa, 

, ra— >oo a— ^-oo 

QCla 

keeping in mind that k = kn and Qc G 2^^+^ is the central cube of Q, recall Notation 
2.1(2). Let us first show that 

^(M'^ \ ^) = 0. (3.4) 

We may assume that iiiW^) > since otherwise (3.4) is trivial. Then we may choose 
6o G N such that ^i{\,) > 0. Fix b > bo- Then 

is a w^ell-defined probability measure on M.'^ and spt P c lb- Write 

Aln = Aa,n<^h, -4^ = limsupA^n, and A^ = limsupyl^- 
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We will now show that for any a > b we have: 



FiAl) > 



l-2/3a\4 



(3.5) 



w^here (3a is the number from Definition 3.1. Let us first estimate the measure of A^ „ in 
the case of a > 6. When Q ^ Q^is fixed, we will write for notational simplicity e := e^, 
and 



I^=IL, la 



a,e) ■^— a 



ta,e, and I_a 



-a,£' 



recall the definition of e-extensions from Notations 2.1(1), but keep in mind that these 
cubes depends on the cube Q. Choose ip^jfa^i^t^i^a ^ -^('^ + 1) as follows: 

(1) 0<ip+<exi+, ip+\Ia = e, and < v?- < exi„, ip-\I- = e; 

(2) 0<^+<exi+^, V^|I_a = e, and < ip" < exi_^, i^aKa^ ^■ 

This is possible, since we have chosen e = e^ < Sa < 3~''/4 = ^(ll^)/4 so 1+ = 1+^ C 
la+i and even in the small cube II„ there is room to extend piecew^ise 1-linearly the 
characteristic funtion of Il„ times e to I_a. We will now prove: 

\fiQ{Ia) - iy{Ia)\ < 2/3aZ.(I_«); 
and 

|/iQ(L„)-iy(L,)| <2/3,i.(L,). 
Since wi = 1 (the weight of Ia(l) = la is 1), we always have: 

Now recall (3.1). If ^Q(Ia) > '^(la) we have by the estimate (3.3) that 

^XQ{la) - y{la) <-J\tdp.Q- /^r(Ia ) 



(3.6) 
(3.7) 



< 



"Pa dliQ - / ^a dUa 



+ - 1 (^+dc-c(i-: 



< ^"^'^^,^'""^^ + C(C \ la ) <ea + C(C \ K 



< 2paH^^a), 

and if /iQ(Ia) < i^i^a), 'we have similarly 

U{la) - flQila) < C(Ia ) " j / V'a ^/"Q 

< C(C) - ^ /V'a du:' + l\l^a dv^ - 

< C(C \ la ) + ^"^'^7'"^""^ - '^^^^"^ \ ^""^ + "" 

< 2/?a^(Illa)- 

Hence (3.6) holds. If we invoke again the estimates (3.1) and (3.3), and now additionally 
the properties t'^Lla = i^^\ and I^a C la, and the choices of V'J we can prove (3.7) with 



"Pa dfJ-Q 
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a symmetric argument as above. Write 



1 + 2/3a , y{l-a) 

Qa = -, z-5- and pa - 



Since J^(l_a) < ^^a), the estimates (3.6) and (3.7), ^^(q),^* (Q) = ^a and T^{Q)^r^ {Qc) = I-a 
imply 

and in similar manner 

KQc) < QaPaKQ)- 

Since P(l6) = 1 we have: 

g-'pa < n<,n) = E ^(^^) ^ ^'^P- 
Oesg 

Fix n, / G N and estimate the P measure of the intersection A^^^n A^'^i. If the generations 
kn = ki, which we chose accordingly to n and I, the cube unions A'^ ^ = A^ f, and so 

P«„n<,) = P«J<^,p,. 

Suppose kn < h. Then for each Q G Q^" we can decompose the central cube Qc into the 
generation ki subcubes: 

Qc= \J R- 

k, 

ReQj 
RCQc 

In particular, the intersecting cubes 

<nn<,= U U ^- 

Qdt QcQc 



see Figure 3.3 for an illustration. 

Invoking P(Ife) = 1 w^e can now^ estimate: 

P«„n<,)= Yl E 'p(^-)^ E ^«P«nQc) < ^^P^. 

Similarly if the generations /c„ > ki we have the same result, since we can just change 
the order of n and I. Fix A^ G N. Then by the estimates above 

N N 
E E ^«n n All) < N[{N - 1)01pI + eaPa] 
n=l i=l 

and 

N 



(ElP«n)) >^'^a^^^. 



n=l 
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Figure 3.3. Illustration of the intersection ^^ „ n ^^ ^ Estimating the 
mass of this intersection is then reduced to estimating the ratios between 
small black cubes Re and Q. This comparison produces an error given by 
the number Qa- 



On the other hand, the sum 

oo oo 

^P«J>^^^V = +oo, 

n=l n=l 

since Qa^Pa > is a number independent of n. So we are allowed to apply Lemma 3.1: 

2^n=l " \^^a,nJ 
^ J ^ lim Gni^ 



P(A^)>limsup_^ 



> iim sup ^^..^^ ^, „ „ r = 

N^oo N[[]^ - ^Qivi + QaPa\ 



-4 
Qa , 



which is exactly (3.5). 

We are now^ practically finished, since (3.5) implies for any a > b that 

p( U A"^,) > P(A^) > ea\ 

a'>a 

SO by the convergence of measures and the fact that Qa \ I, as a ^ oo, we obtain: 

p(^^)=p(n [J <,)=!. 

aeNa'>a 

Then recalling that P = fi{Ih)^^ [ilIi,, we have shown: 

oo 
b=bo 

SO jj, almost every x G M"^ is an element of A. 

Lemma 3.3 is thus proved if we can show that z^ is a tangent measure of fi at every 
X ^ A. Fix an X G ^, and choose infinitely many o G N such that x ^ Aa- Fix such an 
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a and choose infinitely many n G N such that x ^ Qc for the unique Q G Q^ for which 
X G Q. Recall the estimate (3.3) from the beginning of the proof, that is, the choice of 
k = kn implies that each of these cubes have the property 

for some constant c = c{Q) > and weights w = w{Q) G W, where 

Then after passing to a subsequence, we may find increasing sequences (aj)ieN and 
(A;j)jgN of natural numbers such that ai, ki /^ oo and for any i G N w^e have: 

(1) the point x G Qi^c, where Qi,c is the central cube of Qi and Qi is the unique cube 
in Q^', containing x; 

(2) if Xi = x{Qi) and n = r^^^ = 3-('=«+i)«72 \ 0, then the distance 

for some weights Wj G W and constants Cj > 0. 
We will now^ show^ that 

CjTx^rjifJ' -> i^, as j -> oo. 
By Remark 2.1(1) it is enough to verify Fi,{cjTx,rj\^fJ', i^) — ^ as j — > oo for any fixed 6 G N. 
Let 6 G N and ip G C{b). After passing to a subsequence, we may assume that I^+i C la^+i 
for all i G N. Write Zi := {x — Xi)/ri, i G N. Since 

1^ '^i\ ^ ^y^i^c) 



Zi 



< 



2 • 3""* 



3~«'^(Q,)/2 " 3-«>£(Qi)/2 
this particularly implies that spt{ip o Tz-^i) = spt ip + Zi C Ib+i C la^+i for every i G N. On 
the other hand by the definition of v'^.^ v/e have f^'Lla^ = i^ai and so: 






99(2; — Zi) dux. 



Hence using the fact that ip is 1-Lipschitz we have shown: 



j ^dTz^M'^Z- J 



ipdu 



ip{x — Zi) dux ■ 



ipdu 



b+i 



< 



\lp{x - Zi) - ip{x)\ dux < \zi\u{Ib+i) < 2 • 3 "v(l6+i). 



6+1 



The mapping 99 o T^. 1 G C{ai + 1): we already had spt{ip o T^.^i) C lat+i, and it is 1- 
Lipschitz: 



IV' ° Tz„i{y) -ipo T^^,i(z)| < |T^^,i(y) - T^^Az) 

|w,| 



|y-z|, y,zG 



Hence as Definition 3.1 in particularly gives elj. < £„., we have: 



< Fa^+i{ciT^^^r4f^, U^') < Sa^e^: < Sa, ■ Sa,. 
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Since (p G C{b) is arbitrary, we have reached our goal: 

as i — 7- oo, finishing the proof of Lemma 3.3. D 

Combining Lemma 3.2 and Lemma 3.3, we have shown that a typical measure fi ^ A4 
satisfies Tan(/x, x) = A4\ {0} at fi almost every x G M*^, and thus Theorem 1.1 is proven. 

4. Measures are typically non-doubling 

As a direct consequence of Theorem 1.1 we can say something about the doubling 
behavior of typical measures. 

Definition 4.1. A measure fi & M satisfies the doubling condition atxeM.'^ if 

fi{B{x,2r)) ^ 
limsup — — — r— < oo. 

Measure /i is non-doubling if the doubling condition fails at /i almost every x G M'^. Notice 
that non-doubling measures are always singular with respect to the Lebesgue measure 

inM'^. 

Corollary 4.1. A typical measure fi ^ Mis non-doubling. 

Proof. The results of Preiss in [20, Proposition 2.2 and Corollary 2.7] imply that doubling 
condition of ^ at x can be characterized by the existence of a constant C > 1 such that for 
every v G Tan(;U, x) and r > we have 

zy(S(0,2r)) < Cu{B{{),r)). 

If Tan(/i, x) = M\ {0}, then clearly the doubling condition cannot be satisfied: for ex- 
ample measures f„ = C'^lB{0, nY satisfy: 

z/„(B(0,2n))>0 = Cz/„(B(0,n)) 

for any C > 1, yet f„ G Tan(/i, x) for every n G N. Hence the claim follows from Theorem 
1.1. □ 

Remark 4.1. Bate and Speight proved in [2] that when a measure ^u on a metric space 
admits a differentiable structure, then ^ satisfies the doubling condition n almost every- 
where. Hence Corollary 4.1 also says that with respect to the Euclidean metric a typical 
/i in W^ does not admits a differentiable structure in W^. It would be interesting to see if 
Corollary 4.1 could be generalized to other interesting classes of complete metric spaces. 

5. Sharpness of the result 

A natural question to ask further is that can the property Tan(^, x) = M.\ {0} be 
made to hold at every point x G spt/i of a typical measure ^. However, this is not 
possible by the following observation. Here C is the Lebesgue-measure on M and C^ is 
the Heaviside-measure £l[0, oo). 

Proposition 5.1. If fi is a measure on M with non-empty support, then there exists x G spt // 
such that C ^ Tan(^, x) or £+ ^ Tan(^, x). 
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Remark 5.1. Even though the statement of Proposition 5.1 is in M, it could be extended 
to W^ with a similar proof. More precisely, we can use nearly similar techniques to show 
that for any jj. € M with non-empty support there exists x G spt fi such that either the 
Lebesgue-measure C^ ^ Tan(;U, x) or £'^'+ ^ Tan(;U, x), where the measure C^'^ is C^ 
restricted to the set 

M'^'+ = {{xi,X2,- ■.,Xd) ■■ Xi> Ofor alH = l,...,d}. 

Before we state the proof, let us first observe the following 

Remark 5.2. If ^ is a measure, x G spt fi, and for some q > and r^ \ 0, we would have 
CiTx^n^l^ — ^ £+, then we can choose a subsequence {ij)jen such that 



fi{B{x,ri^)) T^^r.il^-^ ^ , asj 



oo. 



This is verified in [11, Remark 14.4(1)] if we use it in the case R = I and u = £"•", and 
notice that £+(^7(0, 1)) = C+{B{0, 1)) = 1. 

Proof of Proposition 5.1. Write A = spt /i. We have two separate cases. 

1° Suppose y4 is a proper subset of M. Since A is closed and non-empty, we can choose 
X e A and e > such that either {x — e,x) n A = or {x,x + e) n A = 0. Let us prove 
that 

C ^ Tan(/i, x). 

We may assume that {x,x + e) n A = 0, the other case is symmetric. Suppose on the 
contrary that there exists Cj > and n \ such that CiTx^r^fJ- — > £ as i — ^ oo. Fix ig G N 
such that Tj < e for each i > iq. Fix a continuous (/? : M — )• M such that spt (p C (0,1) and 
J ipdC = 1. Then for each i > io we have: 



(pdC = 1^0= tfd{ciTx,r4fJ'), 



which is a contradiction with CiTx^r^l^ -^ -£• Hence C ^ Tan(/i, x). 
2° Suppose ^ = M. Let us now find a; G M such that 

C^ ^ Tan(^, x). 

If X G M and r > 0, denote Cx,r = IJ'{B{x, r))~^. Fix any number < e < 1/20. Then the 
constant e' := e/16 — 5e^/4 > 0. Fix any yo G I^- Pick some ro > such that 

recall the definition of F3 in Definition 2.2. If we cannot choose such ro. Remarks 2.1(1) 
and 5.2 would imply that £+ ^ Tan(;Li,yo)/ which finishes the proof. Write r^ = 4~Vo, 
i G N. Let us now construct a sequence of points xq, xi, X2, • " " £ '^- First we let xq = 
yo + ?'o- Fix i > 1 and suppose the points xq, . . . , Xj-i have already been constructed. If 
there exists yi G [xi_i, Xi_i + rj] and Sj G (rj+i, r,] such that 

F3iCu,sJy,,s4f^,C+)<e\ (5.1) 

we let Xi = yi -\- ri, see Figure 5.1. Otherwise, if such a choice cannot be made, we let 

Xi — Xi—\. 
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Xt-l 



Figure 5.1. The choice of the point xi when we can choose yi G 

[xj_i,Xi_i + Tj] and Sj G (rj+i,rj] such that (5.1) is satisfied. Since 
Cyi,SiTy-^s4l^ is close to the Heaviside-measure £+, we move to the right 
in the construction since here c^^. ,,Ta;- -rj^ is quite far from £+ with respect 
to the distance F3 for all scales r G (rj+i, r^] by the choice of Sj. Further- 
more, the limit x = limj_^oo Xi is then quite close to the point Xi and thus 
also Cx,rTx,r^lJ^ is quite far from £+ for all scales r G (rj+i, rj]. 

This way we have constructed a sequence of reals xq, xi, X2, • • • such that for any i>\ 
either we could choose yi G [xj_i, Xj_i + r^] and Sj G (rj+i, rj] such that (5.1) is satisfied 

and Xi := yi + ri, or xi := Xj_i, whence 

Fs{cy^sTy,s'il^,C'^) > e^ for ally G [xi_i,Xj_i + r^] and s G (ri+i,ri]. (5.2) 

Fix now i, j G N, j > i. By construction for any A; G N we have x^ G [xk-i,Xk-i + 2rk\, so 

Xj G [xi, Xi + 2ri+i + 2ri+2 H h 2rj] C [xj, Xj + rj], 

since X]^i 4^* = 1/3 < 1/2. Thus the limit x = linij^oo Xi exists and x G [xj, Xj + r^] for 
every i G N. 

Fix a radius < r < ro and choose i G N such that rj+i < r < ri. Suppose (5.1) holds. 
Define a map iJj : M -> M by: 

Hi{z) = ^z + Tx,r{yi), z^^- 
r 

Then by definition Hi o Tj^-^s^ = T^^r- Let (/9 : M — )■ [0, e] be any Lipschitz-map wth 

Lipv?<l/4, spt(y3C[-l,0] and (f\[-l + e,-e] = e/4; 
and let ^ : R — )■ [0, e] be any Lipschitz-map with 

LipV'<l/4, sptV- C [-1 -e, 1 + e] and i;\[-l,l] = e/A. 
Now in particular spt((/3 o H,i),spt{ip o i/j) c [—12, 12] C I3 and 

s- 1 
Lip{ip o Hi),Lip{'tp o Hi) <—•-<! 

r 4 

< rj and r > rj+i = rj/4. Hence ip o //j, ■;/; o Hi e C{3), so by (5.1) we have: 

(^y^,s^ 4^° Hi dTy^^s.ifJ' < ipoHi dC^ + e^ . 



smce s 



16 TUOMAS SAHLSTEN 

Hence 

lx{B{x,r)) < ipdT^^rifJ' = ^_i_J_ . Cy^^^^ j ^o HidTy^^^^fJ' 

< ^!&^^^{eC+{[-l2, 12]) + e') < 52^,{B{y„ n)). 

If / = H^^[—\ + e, — e], then / is an interval and of the length 

i{I) = (1 - 2e)r/si > 1/4 - e. 
Moreover, the choice of ip yields (99 o Hi)\I = e/4. Thus by (5.1) we have 

(foHi dC^ - e^ < Cy^^s, foHi dTy^^s.ifJ'- 
Hence 

'~pd{Cx,rTx,rifJ') - / (fdC"^ = Cx,r / "i^ dT^^r^fJ, = Cx,r / V ° Hi dTy^^s^p, 



>^^( UoH,dC+-e'')> ^^(^C+{l)-eA > ^^e' > e'/52. 

Cj/i,Si ^J ' '^Vi.Si ^4 / Cy^,Si 

Therefore, 

F2(cx,rTx,ny^,C^) > e'/52. 
On the other hand, if (5.2) holds for the index i G N, we immediately have: 

since x G [xi, Xi + rj] = [xj_i, Xj_i + rj] in this case. Hence for any < r < tq we have: 

F2{cx,rTx,rilJ',C^) > min{e752, 6^}, 
yielding that £+ ^ Tan(/i, x) by Remarks 2.1(1) and 5.2. D 

6. MiCROMEASURES 

The notion of micromeasures is a symbolic way to define local blow-ups of measures 
in trees, and in this setting we can also obtain a similar result to Theorem 1.1. Micromea- 
sures have just recently been considered for instance in [9, 22]. Let / = {1, 2, . . . , 6}, 
w^here 5 G N is fixed. If n G N, we w^rite 

/" = {(xi,X2,...,x„) -.Xi G/}, /* = U /"and/^ = {(xi,X2,...) : Xi G I}. 

neN 

Then /^ is a compact metric space with the metric d{x, y) = 2~~^^^y\ x,y G I^, where 
X A y is the first index i G N when Xj differs from yi. When x = (xi, X2, • . • ) G /^ or 
X G /"* with m > n, we let x\n G /" be the n:th cut of x, that is x\n = (xi, X2, • • . , Xn). If 
y G /", we let the cylinder generated by y be: 

[y] := {x G /^ : Xi = yi, i = 1, . . . , n}. 
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Let V = V{I^) be the set of all Borel probability measures on /^. If /x G P and y ^ I'^ 
with //[y] > 0, we denote 

that is, the normalized restriction of /U to [y] shifted back to /^. This notion defines a Borel 
probability measure on /^. We can metrize V with the follow^ing distance: 



7r(^, v) = sup 



(fdfi — / (fdu 



fi,i^ eV, 



where £ is the set of all Lipschitz-maps (p : I^ ^ M. with Lip if < 1 and maximal value 
1 1 9^1 loo < 1- The set V can be equipped with the weak topology which agrees with the 
topology induced by tt. Moreover, the compactness of /^ yields that (V, it) is a compact 
metric space. 

Definition 6.1. A probability measure z^ G "P is a micromeasure of ;U G "P at x G /^ if there 
exists rij /^ oo such that 

^a;|n, > I^, aS i ^ OO. 

The set of micromeasures of /i at a: is denoted by micro(/i, x), which is a closed subset of 
V. 

We obtain the following 

Theorem 6.1. A typical fx eV satisfies micro(/i, x) = V at every x G /^. 

Proo/ The proof below resembles the proof of Theorem 1.1, but the steps are dramatically 
simpler. Namely, here we do not have to worry about the measures of boundaries nor 
how to fit balls and cubes to each other and the same time w^orry about fi almost every 
point. The core is similar, so we will leave out some of the details. 

First of all, choose a countable dense S <Z V such that v[y\ > for every v ^ S and 
y e I*. AAThen y G /* and /x[y] > we denote: 

With this in mind, define 

^ = n n ^-." ^"'i ^-'" = u n T-^u{uMk), 

w^here the ball U{v, 1/n) is taken with respect to the metric vr. Suppose v ^ S and n G N. 
Let us first verify that IZy^n is open and dense in V. 

(1) Since d[y] = for any y G /*, the map Ty : {jJ. ^ V : fi[y] > 0} — > P is continuous. 
Moreover, the set {jj. ^ V : iJ.[y] > 0} C P is open, which yields that for any open 
U CV the pre-image Ty'^U is open in V. In particular, T^j, „ is open in V. 

(2) If //' G T' and e > 0, we may choose /x G P such that ii[y] > for every y & I* and 
7r(/U, jj.') < e/2. Fix A; G N and denote 

/ = j; ^[y]uy, 

where u^lz] = i'[z\/v[y\ for each z G I™", m > k, with z\k = y and v^lz] = 
otherwise. Then Tyi/J.'') = v for each y G /'', /c G N, so ^x^ G 7^,y,„ if /c > 
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n. Moreover, as in the proof of Lemma 3.2, we have: ^a; — ^ A*/ as A; — )■ oo (we 
just replace Q by y). Thus we can iix k > n such that ■k{^^,^) < e/2 yielding 
7r(/i^, fi') < e. In particular, 7^,^ „ is dense in V. 

In order to finish the proof we fix ^u G 7^ and verify that for a fixed x G I^ we have 
micro(/x, x) = V. Since micro(/i, x) is closed in V, and S d V is dense, w^e only need to 
check that v G micro(/i, x) for a fixed z/ G 5. By the definition of IZ, there exists rij /^ oo, 
i — )■ oo, such that 



/^ 



e n V'^(^'iM), ieN. 



2/e/" 



Especially ^ G %.\n.U{i^, ^/ni) for any i G N. This is exactly what we wanted: 

so /U^|„^ — )■ i^ as i — 7- cx). n 



7. Further PROBLEMS 

7.1. Micromeasure distributions. Micromeasure distributions provide a probabilistic 
way to describe which measures tend to occur more often as local blow-ups fi^ln oi fi €V, 
and thus tell us what the "expected" micromeasures of /i are. Let us first expand some of 
the notation in Section 6.1. This notation was used in [22]. Write 

E = {{fi, x) G P(/^) X /^ : fi[x\n] > for all n G N}. 

Let (T : /^ — > /^ be the shift, that is, a{xi,X2, ■ ■ ■) = {x2, X3, . . . ), if x = (xi, X2, . . • ) G /^. 
Define the map ZOOM : H ^ H by 

ZOOM(^, x) = {pxi , crx), (yU, x) G H. 

If n G N let ZOOM" be the n-fold composition of the mapping ZOOM. Notice that by 
definition ZOOM"(^, x) = (/Lt^|„, a'^x). 

Definition 7.1. Fix {jj., x) G H, that is, /U G P and x G spt /U. We say that a Borel probability 

measure P on H is a micromeasure distribution of ^ at x if there exists Ni /^ 00, i ^ 00, 
such that 

1 ^' 

^ X] f^zooM^CM.x) — > P, as i -^ 00, 
* ?i=i 

w^here the convergence is taken with respect to the weak topology on P(H). 

We already know that any measure is a micromeasure of a typical measure // G "P, but 
could we say something more about their distribution? 

Problem 7.1. What are the micromeasure distributions of a typical measure fi eV? 

Similarly, one could ask an analogous question for tangent measure distributions, see for 
example [12]. 
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7.2. Prevalence. Prevalence is a notion of genericity that was originally motivated by the 
need to have a "translation-invariant" measure theoretical form of genericity in infinite 
dimensional vector spaces. The natural finite dimensional analogue of it could be the 
notion of "Lebesgue almost every" in M'^. The ideas surrounding prevalence were intro- 
duced by Christensen in [7, 8], and the name "prevalence" was suggested by Hunt, Sauer, 
and Yorke in [10]. The notion of prevalence was originally only defined for elements in 
a topological vector space, but in [1] Anderson and Zame also gave an analogous defini- 
tion for convex subsets of topological vector spaces. 

Definition 7.2. Let Xhe a topological vector space and let C be a completely metrizable 
convex subset of X. We say that a set i? C C is shy in C at the point c G C if for every 
5 G (0,1), and open neighbourhood U of the origin in X there exists a Borel measure A 
on X with A{X) > such that 

(1) spt A is compact, spt A c U + c, and spt A c 6C + {1 — 6)c; 

(2) A(x + ^) = for every x e X. 

If E is shy in C at every point c ^ C, then we say E is shy in C. A property P of points in 
X G C is satisfied for prevalent x G C if the set 

{x G C : X does not satisfy P} 

is shy in C. 

In our case we could consider the set V{K) of all Borel probability measures on K, 
where K is some compact subset of M'^, and A4 (K) the set of all signed Borel measures on 
K. Then V{K) is a completely metrizable convex subset of the topological vector space 
A4{K). This setting was already considered by Olsen in [16] when the L'^-dimension of 
prevalent measures fi G 'P{K) was studied. Moreover, in the case of trees /^, the set 
V{I^) is a complete convex subset of A^(/^), the set of signed Borel measures on /^. 

Problem 7.2. What are the tangent measures of prevalent measures in V{K)? What are the 
micromeasures and micromeasure distributions of prevalent measures in P(/^)? 
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